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In a recent paper [3], Z. Opial proved the following interesting integral

inequality:

Let y(x) be of class Cl on O^x^h, and satisfy y(0)=y(¿)=0, y(x)>0 ore

(0, A). 7Aere

(1) f   | y(x)y'(x) \dx£—[ y'2(x)dx.
Jo 4 Jo

The constant A/4 is best possible.

In a note published at the same time, C. Olech [2] showed that (1) is valid

for any function y(x) which is absolutely continuous on [0, A], and satisfies

the boundary conditions y(0)=y(A) = 0. Moreover, Olech's proof of (1) was

much simpler than that of Opial. In this note we will give an even simpler

proof of (1), and then show how this method of proof can be made to yield

more general inequalities of the same type.

Under Olech's hypotheses on y(x), if 0<e<X <h we have

/,xr               i \ 2 ç.x ç.x y2 px i

i\y'\-I y I \ dx =   I    y'2dx +  I      —dx- 2   j      — | yy' \ dx,
ev                      X / */e *J e      X v t       X

whence

/-   X      l ÇX /»  X      y2— | yy' | dx ^   I     y'2dx +  I       — dx,
,     x J t J,     x2

where equality holds if and only if y = .4x. Now

2 j     _ | yy' | dx = — f   | yy' | dl\    + 2 \      — {  \     \yy'\dt\dx,
J i        X X   J o le J t        X2   (J o )

= YJ      \yy'\dt-—J     \yy'\dl+2j      — jj     |yy'|<7/|dx,

so that

2

X

2

f    \yy'\dx ^ J    y'2dx + j      —U2(x) -2\    \yy'\ dA dx

2   f.H-|    I yy' I dx.
e J o
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Since 0gy2(x) =2¡lyy'df¿2j~l\yy'\dt, we thus obtain

(2) -        | yy' | dx Ú  I    y'2dx 4-I    \yy'\ dx,
X J o " « e J o

where equality holds only if y = .4x. Since y'G7.2(0, X) it follows that y(x)

= o(x1/2) as x—»04-. Again, using the Cauchy-Schwarz inequality, we have

j ' | yy' | dx Í */ V"1 y | dx g — «( J" | y» hax)1 2.

Letting e—>0 in (2) we obtain

(3) I     \yy'\dx ^ — I    y'2dx
•7 o 2 Jj

with equality only if y = ylx. The inequality (3) is valid for any function y(x)

absolutely continuous on [0, X] satisfying the single boundary condition

y(0) = 0.
To obtain (1), we apply the same technique on the interval [X, h] and

find

rh. h - X rh
(4) I     | yy' | dx è -■ I    y'2dx

J x 2     J x

if y(x) is absolutely continuous on [X, h] with y(h) =0. Equality holds in (4)

only if y = B(h — x). Combining (3) and (4) we obtain

rh. x rx h - x rh
(5) I    I yy' | dx ^ — I    y'2dx +- I   y'2dx,

J o 2 J o 2     J x

which yields (1) on taking X = h/2. Note that (1) is valid even if y(x) has a dis-

continuity at X = h/2, provided y is absolutely continuous on both of the sub-

intervals [0, h/2] and [h/2, h], with y(0)=y(h) = 0.

To extend (1) to more general inequalities of this type, let p, r denote func-

tions which are continuous and positive in an interval a<x<b, and for which

(pr)' is also continuous on this interval. Here, we may have a= — oo, or

b= », or both. If a<a' <X <b, and y(x) is absolutely continuous on a^x^X

with

y(x) =  f y'(t)dt,       a g x ^ X,

we have

nX pX nX /» X

0^1    p[ | y'\   - r\ y\ \2dx =   I    py'2dx A-  I    pr2y2dx - 2 I    pr\yy'\dx.
J a' Ja' "a' "a'
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/X /• x X /* X /    /* x \

pr | yy' \ dx = 2pr I     | yy' \ dt      - 2 /     (/>r)' (I     | yy' | ¿/ Jdx

whence we obtain

• x
/X /» X /» X   / y»z \

| yy' | dx ^   /    ¿y'2dx +  I     </-r23<2 + 2(pr)'  I    | yy' | dt\dx

+ 2p(a')r(a')Ja \yy'\ dt.

We now choose r(x) so that p(x)r2(x) = — [p(x)r(x)]' and, as in the proof of

(1), obtain

/X /• X /• a'
| yy' \dx =  )    ¿y'2dx + 2p(a')r(a') I     | yy' |

We may choose

dx.

r(x) =

P(x)f
ds

7w

> 0,       a < x < X,

assuming the existence of the integral involved. With this choice of r(x),

equality holds in (6) only if

,x   ds
y(x) = aJ

We now assume that y(x) satisfies

/x ( Cz ds\
py'2dx<«>,       y2(x) = OM     — \asx->a+.

Then

/■«' 1 /  /•«' \1/2/  ra' y2     \

. i»»'i*i-755rU **) (i. 7á*)

>o'    ^,2 \l/2

=  0(1)
a»1" „ítmíw
-■ ^ o(l) -

/'*' dx Ç
a P J a

•' dx
= c(l)
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as x—>a+. We note that the second of the hypotheses (7) will be assured

(with o in place of 0) if

/'*   ds— < K2(x - a)
P

(cf. Lemma 2.1 of [l]). Letting a'-^a in (6) we obtain the inequality

/'x 1   rx dx rx
| yy' | dx ^ - -        py'2dx.

a L   J a        P J a

We summarize our results as

Theorem 1. Let p(x) be positive and continuous on an interval — oo ̂ a<x

<X< oo, with Jap^dxK oo. Let y(x) be absolutely continuous on a^x^X,

with

y(x) = f y'(t)dt,       flgigï,
J a

"w ■ il'f) os i-> a+.
P.'

Then y(x) satisfies the inequality (8). Moreover, equality holds in (8) only if

ds

'a     P  '

(this function being admissible).

y(x) = A f
J a

Proceeding in the same way over the interval X<x<b'<b^ oo, and let-

ting b'—>b, we also obtain

Theorem 2. Let pix) be positive and continuous on an interval X<x<b

^ oo, with Jxp~1dx< oo. Let y(x) be absolutely continuous on X^x^b, with

yix) = - )   y'it)dt,       X ^ x ^ b,

ab  ds\
— I        a s x —» b —.

Then yix) satisfies the inequality

/' * 1   C *  dx C *| yy' | dx S - I      -I    pyndx,
x 2 J x    p J x

where equality holds only if



474 P. R. BEESACK

b ds

[September

y(x) =• BI
To obtain the extension of (1), we combine the inequalities (8) and (9),

and take X to be the unique point for which

(10)

This yields

/•x dx     rb

a       p J X

dx
= K.

Theorem 3. Let p(x) be positive and continuous on an interval a <x<b, with

JaP~ldx<<*>. Let y(x) be absolutely continuous on each of the subintervals

aúxúX, X^xúb, with

/» x /» b
y'(t)dt, a = x g X, y(x) = -  I   y'(t)dt, X g x g b,

a J X

ax ds\ /  ("> ds\
— J 05 x —> a + ,      y2(x) = 0(   I    — ) as x-^b—.

Then

(11)
rb K rb
I     I yy' | dx ^ — I    py'2dx.

J a 2   J a

Here, K (and X) are defined by (10). Equality holds in (11) only if

/'x   ds-,

a      P(S)

•b   ds
y(x)

BIx      P(S)

a ^ x < X,

X < x g b.

Opial's inequality (1) is the special case obtained by taking a = 0, p(x) = l

in Theorem 3. As further examples of Theorem 3 we have the inequalities

(12)

(13)

f\     i        i f    y'2J_Jyy'|dx^yJ_ir—¡dx,

f\    i       t f1     yn
yy'   dx = — I      -dx,

J -i ' 4 J -i   (1-x2)1'2(1 - x2)1

where in both cases, it suffices to have

y2(x) = 0(x +1) as x—* — 1,       y2(x) = 0(1 — x) as x—> 1.

Examples of the preceding theorems on infinite intervals are
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/> 00 1 /» 00| yy' | dx ^ — I     e*y'2dx,
o 4 Jo

when y2(x) = 0(x) as x—>0, y2(x) = 0(e_I) as x—> <*> ;

I yy' I dx g — I     (14- x2)y'2dx,
4 ^ _„

when y2(x) = 0(|x| _1) as |x|—»oo. If we remove the restriction y2(x) = 0(x)

in (14), we must replace the constant 1/4 by 1/2.

Finally, we note that modifications of the proof lead to further inequali-

ties similar to (8), (9) or (11).

For example, in the proof of Theorem 1, if we replace p by pq, and choose

r as before, we obtain the inequality

rx l   r x dx r x
(16) I     q I yy' \ dx ̂  — I      — I    pqy'2dx.

J a 2  J a P  J a

Here, p, q are positive and continuous with q nonincreasing on a<x<X;

yix) is any function, absolutely continuous on a^x^X, with yia) =0 and

/ rx ds\
y2(x) = Olq lix) I      — J as x—>a+.

Equality can never hold in (16) unless g=-constant, or y = 0.
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